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) Recap

 Equivalence Relation and Partitions
— Reflexivity, Symmetry and Transitivity.

« Compatible Relations and Covers
— Reflexivity, Symmetry

« Partial Order Relation
— Reflexivity, Anti-symmetry and Transitivity

— Hasse Diagram



) Recap: Hasse Diagram(ISHTE])

{1,2,3}
 For poset (4, <):
— Every vertex is an element
— Ifx <y Ax # y, then vertex y is above
vertex x {1,2} {1,3)
— If (x,y) € cov(4), then there’s an
undirected edge between x and y

{2} {3}




) Hasse Diagram

« Define the divisibility relation on A = {1,2,3,4,6,12}:
R={x,y)lx€e ANy e ANx|y}



) Hasse Diagram

« Define the divisibility relation on A = {1,2,3,4,6,12}:
R={x,y)lx€e ANy e ANx|y}
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Any elements < me!!!




) Maximum Elements(E& X 7T)

 Foraposet(A,<),and B € A:

» Ifthere exists y € B such that vx € B, x < y, we call y the
maximum elements of B

yismaximum &y e BA(Vx)(xEB - x <Yy)




[ < no elements except myself

/
\\__-__-__-__K
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) Maximal Elements(#R X 7T)

 Foraposet(A,<),and B € A:

« Ifthere exists y € Bsuchthatvx € B,ify < x,thenx =y. We call y
the maximal elements of B

yismaximal  ye BA(Vx)((xEBAYy<Xx)—>x=1Y)

o — o —
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Maximal and Maximum Elements

 Foraposet(A,<),and B € A:

— If there exists y € B such that vx € B, x < y, we call y the maximum
elements(&x A 7tT) of B
yismaximum < yEBA(Vx)(xEB->x<Yy)
— If there exists y € B such that Vx € B, if y < x, then x = y. We call y the
maximal elements(#&X7%) of B

yismaximal © yeEe BA(Vx)((xEBAy<x)—>x=1Yy)
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) Maximal and Maximum Elements

« Foraposet(A4,<),and B c A: [ beat every one.

~ —If there exists y € B such that vx € B, x < y, we call y the maximum
elements(&x A 7tT) of B :

|

I

yismaximum < yEBA(Vx)(xEB->x<Yy)

S o o O EE S M N T EEE BEE BEE EE BEE BEE EEE GEE BEN SN GEE GEN GEE GEE BEE SN GEN BEn SN BEE BEn B BEE Bam A Bae e
— o o O . S EE B R S e M B EEE BN B B B SEe EEE EEe EEE B B G G MEm SEe SEe EEm B S B e e e Sme Emm B E e

{ — Ifthere exists y € B such that vx € B, ify < x, then x =y. We call y the‘I
: maximal elements(#%X7%) of B
1
\

No one can beat me except myself.
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Minimum(&/)\) and Minimal(t§&/)\) Elements

 Foraposet(A,<),and B € A:

— If there exists x € B such that Vy € B, x < y, we call x the minimum
elements(&/)\7t) of B

xisminimum © x€BANVy)(yEB - x<Yy)

— If there exists x € B such that Vy € B, if y < x, then x = y. We call x the
minimal elements(t&/\Jt) of B

xisminimal © x e BA(Vy)((§EBAYy<Xx)—>x=Y)
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) Minimum(&/)\) and Minimal(#%/)\) Elements

« Foraposet (4,<),and B c A: Everyone beats me.

"~ If there exists x € B such that Vy € B, x < y, we call x the minimum
elements(&x/\7t) of B :

1

xisminimum © x € BA(Vy)(YEB > x<Yy) |

S o o O EE S M N T EEE BEE BEE EE BEE BEE EEE GEE BEN SN GEE GEN GEE GEE BEE SN GEN BEn SN BEE BEn B BEE Bam A Bae e
— o o O . S EE B R S e M B EEE BN B B B SEe EEE EEe EEE B B G G MEm SEe SEe EEm B S B e e e Sme Emm B E e

{ — Ifthere exists x € B such that Vy € B, if y < x, then x = y. We call x the‘I
: minimal elements(t&/\Jt) of B
'\ xisminimal © x e BA(Vy)((§EBAy<x) > x=1Y) \\

[ can beats no one except myself.
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Any red elements < us




) Upper Bound(LER)

 Foraposet(A,<),and B € A:

— If there exists y € A such that Vx € B, x < y, we call y the upper
bound of B

y isupper bound © ye AAN(Vx)(x EB->x<Yy)
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Any red elements < me
and | £ any blue elements.




) Supremum(LEiR)

 Foraposet(A,<),and B € A:

— Let € = {y| y is the upper bound of B}, then the minimum elements in C
is the supremum of B.
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) Upper Bound and Supremum

 Foraposet(A,<),and B € A:

— If there exists y € A such that Vx € B, x < y, we call y the upper
bound (L&) of B

yisupper bound ©® ye AN (Vx)(x EB > x<Yy)

— Let € = {y| y is the upper bound of B}, then the minimum elements in C
is the supremum (LEfR) of B.
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) Lower Bound(T5) and Infimum(T i R)

 Foraposet(A,<),and B € A:

— If there exists x € A such that Vy € B, x < y, we call x the lower bound

(FH) ofB
x is lower bound © x € AN(VY)(yEB - x <Yy)

— Let € = {x| x is the lower bound of B}, then the maximum elements in
C is the infimum (TFH#§R) of B.
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) Bound

 Foraposet(A,<),and B € A:
— The upper (lower) bounds or supremum(infimum) of B may in or not in B.
— The upper (lower) bounds of B may not exist, and may be not unique.

— The supremum (infimum) of B may not exist, but it must be unique if exists.
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A=1{2346,9712,18)
R={xy)xe ANy e ANx|y}

12 18



A=1{2346,9712,18)
R={xy)xe ANy e ANx|y}

12 18

Comparable




A=1{2346,9712,18)
R={xy)xe ANy e ANx|y}

12 18

Comparable




A=1{2346,9712,18)
R={xy)xe ANy e ANx|y}

12, 18
Not Comparable (& (@)




A=1{2346,9712,18)
R={xy)xe ANy e ANx|y}

12 18
Not Comparable (o)




) Total Order Relation(2FXE)

 Foraposet (4, <):

— ForanyxeAandye€A,ifx<yory<x,thenwe call xand y are
comparable.

— Ifforany x € A and y € A, we have x and y are comparable, then we
called < is a total order relation on 4, (A, <) is a total order set.

(N, <) is a total order set

 Foranon-empty set A, (P(A), S) is not a total order set.
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) Chain(ii) and Anti-chain(/ §%)

« Foraposet(A, <), BC A:

— Forany x € Band y € B, if x and y are comparable, we call B is a
chain on A4, |B| is the length of this chain.

— Forany x € B and y € B, if x and y are not comparable, we call B is
an anti-chain on A, |B| is the length of this anti-chain.
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A=1{2346,9712,18)
R={xy)xe ANy e ANx|y}
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An anti-chain
length 3

A=1{2346,9712,18)
R={xy)xe ANy e ANx|y}

12

18
0



) Decompose Poset

For a poset (4, <), we can decompose A into non-disjoint anti-chain.
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A=1{2346,9712,18)
R={xy)xe ANy e ANx|y}




A=1{2346,9712,18)
R={xy)xe ANy e ANx|y}
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Decompose Poset

 Foraposet (4, <), we can decompose 4 into non-disjoint anti-chain.

For a poset (4, <), if the maximal length of a chain is n, then the
decomposition of 4 has at least n anti-chains.

Proof:

Consider the longest chain which has length n, the n elements of this chain
must be in different anti-chains in the decomposition (as any of two are
comparable, they can not in a same anti-chain). So there’s at least n anti-
chains.
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) Decompose Poset

For a poset (4, <), if |A| = mn + 1,then there exists an anti-chain of
length m + 1, or a chain of length n + 1.

]
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) Well Order Relation(BEX %K)

 Foraposet (4, <), if any non-empty subset of A has the minimal
elements, then we call < is a well order relation, (4, <) is a well

order set.

(N, <)is a well order set. (Z, <) is not a well order set.
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) Well Order Relation

[ A well order set is a total order set.

« For a well-order set (4, <), Vx,y € A,the subset {x, y} has a minimum
element (E/)\JT) ,sox < yory < x.(4,<)is a total order set.

[ A finite total order set is a well order set.
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) Properties of Relations

Reflexivity (Vx)(x € A - xRx)
Anti-reflexivity (Vx)(x € A > xRx)
Symmetry (Vx)(Vy)((x € ANy € AAXRy) - yRx)

Anti-symmetry  (Vx)(Vy)((x EAANY € ANXRy AyRx) = x = y)

Qe (Vx)(Vy)(Vz)
Transitivity ((x EANy € ANz € AN XRy AyRz) > xRz)
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Some relation may not good enough
to have those relations

But we can help them!

¥ Y
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Some relation may not good enough
to have those relations

But we can help them!

—————

Reflexivity
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Some relation may not good enough
to have those relations

But we can help them!

> T >

Symmetry
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Some relation may not good enough
to have those relations

But we can help them!

Transitivity
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) Reflexive Closure(ERiTI)

* For arelation R on non-empty set A, if there are another relation R’

such that: _
R’ is generated based on R

— R'is reflexive
_ R g R,. /

— For any reflexive relation R on A, RS R" - R' S R". \

R’ is the “smallest’ relation
to make R reflexive

43



) Reflexive Closure(ERiTI)

* For arelation R on non-empty set A, if there are another relation R’
such that:

— R'is reflexive
— RCR.

— For any reflexive relation R”  on A, R< R"” - R' € R".

« We call that R’ is the reflexive closure of R, donated by r(R)
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) Symmetric Closure(33#7iZ )

* For arelation R on non-empty set A, if there are another relation R’
such that:

— R’ is symmetric
— RS R.

— For any symmetric relation R  on A, R< R" - R' € R".

« We call that R is the symmetric closure of R, donated by s(R)
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) Transitive Closure({&i£i7] &)

* For arelation R on non-empty set A, if there are another relation R’
such that:

— R'is transitive
— RCR.

— For any transitive relation R on 4, R< R" - R' € R".

« We call that R’ is the transitive closure of R, donated by t(R)
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) Closure

* For arelation R on non-empty set 4
— R isreflexive © r(R) = R
— R is symmetric © s(R) = R
— R is transitive © t(R) = R
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) Constructing Closure

[ For a relation R on non-empty set A, r(R) = RUR°

« RURYisreflexive as Vx € 4, (x,x) € R°

« Assume that R" is reflexive and R € R".
— Because R" is reflexive, R® =1, € R"
— RCR'AR°CR'"=>RURYCR"
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) Constructing Closure

[ For a relation R on non-empty set A4, s(R) = RUR™1! ]

e (x,yYY)ERUR o (x,y)ERV{(x,y) R
> (y,x)ERIVv(y,x) ER (y,x) ERUR™1
« Assume that R" is symmetricand R € R".

/ (x,y) ER = (x,y) € R"

L (x,y) ERI=(y,x) ER
= (y,x) ER" = (x,y) € R"

(x,y) ERUR™1 = (x,y) €R"

SORUR 1cR”
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) Constructing Closure

For a relation R on non-empty set A4, |A| = n,
t(R) = RUR?---UR"
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Lemma

Let R be a relation on a set A. There is a path of length
n(n € N*) from a to b if and only if (a, b) € R"

Proof:

By definition, there is a path from a to b of length 1 if and only if (a, b) € R, so
the lemma is true when n = 1.

Assume that the lemma is true when n = k(k € N*). Forn =k + 1

There is a path of length k + 1 from a to b
& There exists ¢ such that there’s a path of length 1 from a to ¢ and a path of
length k from cto b

& (3c)((a,c) € RA{c,b) € R¥) © (a,b) € R**1

So the lemmais truewhenn =k + 1. Q.E.D
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) Connectivity Relation((EiEX &)

Let R be a relation on a set A. The connectivity relation R
consists of the pairs (a, b) such that there is a path of length at least
one fromato b in R.
By definition:
R"=RUR?*UR3U -

But we only need to consider the path of length as most |A|, assume
that |A| = n

R*=RUR?*UR3U---UR"
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) Constructing Closure

For a relation R on non-empty set A4, |A| = n,
t(R)=R"=RUR?---UR"

Proof:
* R S R* by definition.
 R™ is transitive: For (x,y) € R" and (y,z) € R", it means there are paths
from x to y and y to z , so there’s a path from x to z. Then (x,z) € R*.
« Assume R" is transitive and R € R"'.
— For any (x,y) € R, it means that there’s a path of length k(k € N*)
from x to y,
— Let the path be x,p1,..Pr-1,¥, SO (X, P1),(P1, P2) - (Pr-1,Y) € R.
— Because RS R", (x,p1),(P1,P2) - (Pr-1.Y) ER".
— According to the transitivity of R”, we have (x,y) € R".

— SoRtT CR".
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) Exercise

« A={a,b,c}, R={a,b)(bc) ca)},findr(R),s(R) and t(R).
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) Exercise

« A={a,b,c}, R={a,b)(bc) ca)},findr(R),s(R) and t(R).

« Answer:
— r(R) = RUR°® = {{a,a),{a, b),(b, b),(b, c),{c,a),{c,c)}
— s(R) =RUR™!={{a,b),{a,c),(b,a){b,c){ca)chb)}
— R*={{a,c),(b,a),{c,b)},
- R?®={{a,a),(b,b),{c,c)}
— Sot(R)=RUR?UR? =
{{a,a),{a,b),{(a,c), (b, a),(b,b)(b,c) (c a) cb)/c )}
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) Transitive Closure

t(R)=RUR?UR3U---UR"

AN/

[t's hard to compute all of those when R is large!
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Transitive Closure: Warshall Algorithm

« Warshall Algorithm is an efficient algorithm to calculate transitive
closure

Warshall Algorithm(M[1..n,1..n]):
M « M
for i « 1 to n:
for j « 1 to n:
if Mi-i[j,i]==1:
for k « 1 to n:
MIj,k] = M*[j,k]v M1[i,K]

return M"

o7



) Transitive Closure: Warshall Algorithm

0 Warshall Algorithm(M[1..n,1.n]):
) 0

M?« M
1 for i « 1 to n:

for j « 1 to n:
if Mi-1[§,i]==1:
0 for k « 1 to n:
Mi[ij] = Mi_l[j)k]VMi_l[iJk]
0 ,/ return M"
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) Transitive Closure: Warshall Algorithm

—_—
—_—

1 0
0 0
0 0
1 0

0~

0o _/

Warshall Algorithm(M[1..n,1.n]):
MC « M
for 1 « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:
for k « 1 to n:
M[J,k] = MM, kIvMII[1, k]

return M"
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) Transitive Closure: Warshall Algorithm

—_—
—_—

1 0
0 0
0 0
1 0

0~

0o _/

Warshall Algorithm(M[1..n,1.n]):
MC « M
for 1 « 1 to n:
for j « 1 to n:
if Mi-i[j,1i]==1:
for k « 1 to n:
M[J,k] = MM, kIvMII[1, k]

return M"
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) Transitive Closure: Warshall Algorithm

—
—

~1v1

1v1 ov0 0v0 N Warshall Algorithm(M[1..n,1.n]):
MO « M
for 1 « 1 to n:

0 0 1 for j « 1 to n:

if Mi-1[j§,i]==1:
0 0 0 for k « 1 to n:
Mi[§,k] = Mi-1[5,k]vMi-1[i,k]
1 0 0 ) return M"
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) Transitive Closure: Warshall Algorithm

— Warshall Algorithm(M[1..n,1.n]):
1 1 0 0~ el
for i « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:

0 0 0 0 for k « 1 to n:
Mi[j,k] = Mi-1[j,k]JvmMi-t[i,k]
. 0 1 0 0 _/ return M"
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) Transitive Closure: Warshall Algorithm

}

}

1 0
0 0
0 0
1 0

0~

0o _/

Warshall Algorithm(M[1..n,1.n]):
MC « M
for 1 « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:
for k « 1 to n:
M[J,k] = MM, kIvMII[1, k]

return M"
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) Transitive Closure: Warshall Algorithm

1 0
0 0
0 0
1 0

0~

0o _/

Warshall Algorithm(M[1..n,1.n]):
MC « M
for 1 « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:
for k « 1 to n:
M[J,k] = MM, kIvMII[1, k]

return M"

64



) Transitive Closure: Warshall Algorithm

1 0
0 0
0 0
1 0

0~

0o _/

Warshall Algorithm(M[1..n,1.n]):
MC « M
for 1 « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:
for k « 1 to n:
M[J,k] = MM, kIvMII[1, k]

return M"
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) Transitive Closure: Warshall Algorithm

1 0
0 0
0 0
1 0

0~

0o _/

Warshall Algorithm(M[1..n,1.n]):
MC « M
for 1 « 1 to n:
for j « 1 to n:
if Mi-i[j,1i]==1:
for k « 1 to n:
M[J,k] = MM, kIvMII[1, k]

return M"
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) Transitive Closure: Warshall Algorithm

— 1v0

1v0

0V0 OV 1~
0 1
0 0
0 0o _/

Warshall Algorithm(M[1..n,1.n]):
MC « M
for 1 « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:
for k « 1 to n:
Mi[3,k] = M[F,kIvMiI[1,K]

return M"
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) Transitive Closure: Warshall Algorithm

Warshall Algorithm(M[1..n,1.n]):
— 1 1 0 1 N i
for i « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:

0 0 0 0 for k « 1 to n:
Mi[j,k] = Mi-1[j,k]JvmMi-t[i,k]
. 0 1 0 0 _/ return M"
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) Transitive Closure: Warshall Algorithm

Warshall Algorithm(M[1..n,1.n]):
- 1 1 0 1 N i
for i « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:

b

0 0 0 0 for k « 1 to n:
Mi[ij] = Mi_l[j)k]VMi_l[iJk]
\ 0 1 0 0 / return M"
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) Transitive Closure: Warshall Algorithm

Warshall Algorithm(M[1..n,1.n]):
- 1 1 0 1 N i
for i « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:

— 0 0 0 0 for k « 1 to n:
Mi[ij] = Mi_l[j)k]VMi_l[iJk]
\_ 0 1 0 0o _/ return M
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) Transitive Closure: Warshall Algorithm

Warshall Algorithm(M[1..n,1.n]):
- 1 1 0 1 N i
for i « 1 to n:
for j « 1 to n:
if Mi-i[j,1i]==1:

0 0 0 0 for k « 1 to n:
Mi[ij] = Mi_l[j)k]VMi_l[iJk]
— \_ 0 1 0 0o _/ return M"
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) Transitive Closure: Warshall Algorithm

Warshall Algorithm(M[1..n,1.n]):
~ 1 1 0 1 N i
for i « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:

0 0 0 0 for k <« 1 to n:
Mi[j,k] = MI-[j,k]JvMi-1[i, k]
— \0v0 1v0 Ov0 Ov1_/ return M°

i=2,j=4
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) Transitive Closure: Warshall Algorithm

Warshall Algorithm(M[1..n,1.n]):
~ 1 1 0 1 N i
for i « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:

0 0 0 0 for k « 1 to n:
Mi[j,k] = Mi-1[j,k]JvmMi-t[i,k]
— \_ 0 1 0 1 _J return M"
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) Transitive Closure: Warshall Algorithm

Warshall Algorithm(M[1..n,1.n]):
1 1 0 1 N i
for 1 « 1 to n:
0 0 0 1 for j « 1 to n:
0 0 0 0 if Mi-i[j,1i]==1:
for k « 1 to n:
Mi[ij] = Mi_l[j)k]VMi_l[iJk]

— .0 1 0 1 _J return M
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) Transitive Closure: Warshall Algorithm

Warshall Algorithm(M[1..n,1.n]):
1 1 0 1 N i
for 1 « 1 to n:
0 0 0 1 for j « 1 to n:
0 0 0 0 if Mi-1[j,i]==1:
for k « 1 to n:
Mi[3,k] = M[F,kIvMiI[1,K]

— 0 1 0 1 _J return M"
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) Transitive Closure: Warshall Algorithm

Warshall Algorithm(M[1..n,1.n]):
- 1 1 0 1 N i
for i « 1 to n:
for j « 1 to n:
if Mi-i[j,1i]==1:

0 0 0 0 for k « 1 to n:
Mi[ij] = Mi_l[j)k]VMi_l[iJk]
— 00 1 0 1 _J return M"
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) Transitive Closure: Warshall Algorithm

Warshall Algorithm(M[1..n,1.n]):
~ 1 1 0 1 N i
for i « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:

0 0 0 0 for k « 1 to n:
Mi[j,k] = Mi-1[j,k]JvmMi-t[i,k]
- \ 0 1 0 1 ) return M"
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) Transitive Closure: Warshall Algorithm

Warshall Algorithm(M[1..n,1.n]):
- 1 1 0 1 N i
for i « 1 to n:
for j « 1 to n:
if Mi-i[j,1i]==1:

0 0 0 0 for k « 1 to n:
Mi[ij] = Mi_l[j)k]VMi_l[iJk]
=+ 0 1 0 1 _J return M"

78



) Transitive Closure: Warshall Algorithm

Warshall Algorithm(M[1..n,1.n]):
~ 1 1 0 1 N i
for i « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:

0 0 0 0 for k « 1 to n:
Mi[j,k] = Mi-1[j,k]JvmMi-t[i,k]
—+ 0 1 0 1 _J return M"
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) Transitive Closure: Warshall Algorithm

Warshall Algorithm(M[1..n,1.n]):
- 1 1 0 1 N i
for i « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:

0 0 0 0 for k « 1 to n:
Mi[ij] = Mi_l[j)k]VMi_l[iJk]
=+ 0 1 0 1 _J/ return M"
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) Closures

 For arelation R on a non-empty set 4

— If R is reflexive, then s(R) and t(R) are reflexive
— If R is symmetric, then r(R) and t(R) are symmetric

— If R is transitive, then r(R) are transitive.

\

s(R) may not be transitive!!
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) Closures

« For arelation R on non-empty set 4, rs(R) means r(s(R)), the
similar definition for other closure symbols, so we have:

— 15(R) = sr(R)
\ ris commutative with t and s

— 1t(R) = tr(R) /

— st(R) € ts(R) —— s and t are not commutative
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Binary Relation: Recap

Binary Relation Basics

 Equivalence Relation and Partitions
— Reflexivity, Symmetry and Transitivity.

« Compatible Relation and Covers
— Reflexivity and Symmetry

 Partial Order Relation

— Reflexivity, Anti-symmetry and Transitivity

« Closure
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} Next

* Function
 Introduce to Automata and DFA

 Turing Machine Basics.
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