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Recap

• Equivalence Relation and Partitions

– Reflexivity, Symmetry and Transitivity.

• Compatible Relations and Covers

– Reflexivity, Symmetry

• Partial Order Relation

– Reflexivity, Anti-symmetry and Transitivity

– Hasse Diagram
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Recap: Hasse Diagram( )

∅

{3}{2}

{1}

{1,2} {1,3}
{2,3}

{1,2,3}
• For poset ⟨𝐴, ≤⟩:

– Every vertex is an element

– If 𝑥 ≤ 𝑦 ∧ 𝑥 ≠ 𝑦, then vertex 𝑦 is above 

vertex 𝑥

– If 𝑥, 𝑦 ∈ 𝑐𝑜𝑣(𝐴), then there’s an 

undirected edge between 𝑥 and 𝑦
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Hasse Diagram

• Define the divisibility relation on 𝐴 = {1,2,3,4,6,12}:

𝑅 = {⟨𝑥, 𝑦⟩|𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥|𝑦}

4



Hasse Diagram

• Define the divisibility relation on 𝐴 = {1,2,3,4,6,12}:

𝑅 = {⟨𝑥, 𝑦⟩|𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥|𝑦}
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Any elements ≤ me!!!
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Maximum Elements( )

• For a poset ⟨𝑨, ≤⟩, and 𝑩 ⊆ 𝑨:

• If there exists 𝒚 ∈ 𝑩 such that ∀𝒙 ∈ 𝑩, 𝒙 ≤ 𝒚, we call 𝒚 the 

maximum elements of 𝑩

𝒚 𝒊𝒔 𝒎𝒂𝒙𝒊𝒎𝒖𝒎⇔ 𝒚 ∈ 𝑩 ∧ (∀𝒙)(𝒙 ∈ 𝑩 → 𝒙 ≤ 𝒚)
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I ≤ no elements except myself
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Maximal Elements( )

• For a poset ⟨𝑨, ≤⟩, and 𝑩 ⊆ 𝑨:

• If there exists 𝒚 ∈ 𝑩 such that ∀𝒙 ∈ 𝑩, if 𝒚 ≤ 𝒙, then 𝒙 = 𝒚. We call 𝒚

the maximal elements of 𝑩

𝒚 𝒊𝒔 𝒎𝒂𝒙𝒊𝒎𝒂𝒍 ⇔ 𝒚 ∈ 𝑩 ∧ (∀𝒙)( 𝒙 ∈ 𝑩 ∧ 𝒚 ≤ 𝒙 → 𝒙 = 𝒚)

10



Maximal and Maximum Elements

• For a poset ⟨𝑨, ≤⟩, and 𝑩 ⊆ 𝑨:

– If there exists 𝒚 ∈ 𝑩 such that ∀𝒙 ∈ 𝑩, 𝒙 ≤ 𝒚, we call 𝒚 the maximum

elements( ) of 𝑩

𝒚 𝒊𝒔 𝒎𝒂𝒙𝒊𝒎𝒖𝒎⇔ 𝒚 ∈ 𝑩 ∧ (∀𝒙)(𝒙 ∈ 𝑩 → 𝒙 ≤ 𝒚)

– If there exists 𝒚 ∈ 𝑩 such that ∀𝒙 ∈ 𝑩, if 𝒚 ≤ 𝒙, then 𝒙 = 𝒚. We call 𝒚 the 

maximal elements( ) of 𝑩

𝒚 𝒊𝒔 𝒎𝒂𝒙𝒊𝒎𝒂𝒍 ⇔ 𝒚 ∈ 𝑩 ∧ (∀𝒙)( 𝒙 ∈ 𝑩 ∧ 𝒚 ≤ 𝒙 → 𝒙 = 𝒚)
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Maximal and Maximum Elements

• For a poset ⟨𝑨, ≤⟩, and 𝑩 ⊆ 𝑨:

– If there exists 𝒚 ∈ 𝑩 such that ∀𝒙 ∈ 𝑩, 𝒙 ≤ 𝒚, we call 𝒚 the maximum

elements( ) of 𝑩

𝒚 𝒊𝒔 𝒎𝒂𝒙𝒊𝒎𝒖𝒎⇔ 𝒚 ∈ 𝑩 ∧ (∀𝒙)(𝒙 ∈ 𝑩 → 𝒙 ≤ 𝒚)

– If there exists 𝒚 ∈ 𝑩 such that ∀𝒙 ∈ 𝑩, if 𝒚 ≤ 𝒙, then 𝒙 = 𝒚. We call 𝒚 the 

maximal elements( ) of 𝑩

𝒚 𝒊𝒔 𝒎𝒂𝒙𝒊𝒎𝒂𝒍 ⇔ 𝒚 ∈ 𝑩 ∧ (∀𝒙)( 𝒙 ∈ 𝑩 ∧ 𝒚 ≤ 𝒙 → 𝒙 = 𝒚)

I beat every one.

No one can beat me except myself.
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• For a poset ⟨𝑨, ≤⟩, and 𝑩 ⊆ 𝑨:

– If there exists 𝒙 ∈ 𝑩 such that ∀𝒚 ∈ 𝑩, 𝒙 ≤ 𝒚, we call 𝒙 the minimum

elements( ) of 𝑩

𝒙 𝒊𝒔 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 ⇔ 𝒙 ∈ 𝑩 ∧ (∀𝒚)(𝒚 ∈ 𝑩 → 𝒙 ≤ 𝒚)

– If there exists 𝒙 ∈ 𝑩 such that ∀𝒚 ∈ 𝑩, if 𝒚 ≤ 𝒙, then 𝒙 = 𝒚. We call 𝒙 the 

minimal elements( ) of 𝑩

𝒙 𝒊𝒔 𝒎𝒊𝒏𝒊𝒎𝒂𝒍 ⇔ 𝒙 ∈ 𝑩 ∧ (∀𝒚)( 𝒚 ∈ 𝑩 ∧ 𝒚 ≤ 𝒙 → 𝒙 = 𝒚)

Minimum( ) and Minimal( ) Elements
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Everyone beats me.

I can beats no one except myself.

Minimum( ) and Minimal( ) Elements

• For a poset ⟨𝑨, ≤⟩, and 𝑩 ⊆ 𝑨:

– If there exists 𝒙 ∈ 𝑩 such that ∀𝒚 ∈ 𝑩, 𝒙 ≤ 𝒚, we call 𝒙 the minimum

elements( ) of 𝑩

𝒙 𝒊𝒔 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 ⇔ 𝒙 ∈ 𝑩 ∧ (∀𝒚)(𝒚 ∈ 𝑩 → 𝒙 ≤ 𝒚)

– If there exists 𝒙 ∈ 𝑩 such that ∀𝒚 ∈ 𝑩, if 𝒚 ≤ 𝒙, then 𝒙 = 𝒚. We call 𝒙 the 

minimal elements( ) of 𝑩

𝒙 𝒊𝒔 𝒎𝒊𝒏𝒊𝒎𝒂𝒍 ⇔ 𝒙 ∈ 𝑩 ∧ (∀𝒚)( 𝒚 ∈ 𝑩 ∧ 𝒚 ≤ 𝒙 → 𝒙 = 𝒚)
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Any red elements ≤ us
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• For a poset ⟨𝑨, ≤⟩, and 𝑩 ⊆ 𝑨:

– If there exists 𝒚 ∈ 𝑨 such that ∀𝒙 ∈ 𝑩, 𝒙 ≤ 𝒚, we call 𝒚 the upper 

bound of 𝑩

𝒚 𝒊𝒔 𝒖𝒑𝒑𝒆𝒓 𝒃𝒐𝒖𝒏𝒅 ⇔ 𝒚 ∈ 𝑨 ∧ (∀𝒙)(𝒙 ∈ 𝑩 → 𝒙 ≤ 𝒚)

Upper Bound( )
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Any red elements ≤ me 
and I ≤ any blue elements.
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• For a poset ⟨𝑨, ≤⟩, and 𝑩 ⊆ 𝑨:

– Let 𝑪 = 𝒚 𝒚 𝑖𝑠 𝑡ℎ𝑒 𝑢𝑝𝑝𝑒𝑟 𝑏𝑜𝑢𝑛𝑑 𝑜𝑓 𝑩}, then the minimum elements in 𝑪

is the supremum of 𝑩. 

Supremum( )
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• For a poset ⟨𝑨, ≤⟩, and 𝑩 ⊆ 𝑨:

– If there exists 𝒚 ∈ 𝑨 such that ∀𝒙 ∈ 𝑩, 𝒙 ≤ 𝒚, we call 𝒚 the upper 

bound of 𝑩

𝒚 𝒊𝒔 𝒖𝒑𝒑𝒆𝒓 𝒃𝒐𝒖𝒏𝒅 ⇔ 𝒚 ∈ 𝑨 ∧ (∀𝒙)(𝒙 ∈ 𝑩 → 𝒙 ≤ 𝒚)

– Let 𝑪 = 𝒚 𝒚 𝑖𝑠 𝑡ℎ𝑒 𝑢𝑝𝑝𝑒𝑟 𝑏𝑜𝑢𝑛𝑑 𝑜𝑓 𝑩}, then the minimum elements in 𝐶

is the supremum of 𝑩. 

Upper Bound and Supremum
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• For a poset ⟨𝑨, ≤⟩, and 𝑩 ⊆ 𝑨:

– If there exists 𝒙 ∈ 𝑨 such that ∀𝒚 ∈ 𝑩, 𝒙 ≤ 𝒚, we call 𝒙 the lower bound

of 𝑩

𝒙 𝒊𝒔 𝒍𝒐𝒘𝒆𝒓 𝒃𝒐𝒖𝒏𝒅 ⇔ 𝒙 ∈ 𝑨 ∧ (∀𝒚)(𝒚 ∈ 𝑩 → 𝒙 ≤ 𝒚)

– Let 𝑪 = 𝒙 𝒙 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑜𝑤𝑒𝑟 𝑏𝑜𝑢𝑛𝑑 𝑜𝑓 𝑩}, then the maximum elements in 

𝐶 is the infimum of 𝑩. 

Lower Bound( ) and Infimum( )
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• For a poset ⟨𝑨, ≤⟩, and 𝑩 ⊆ 𝑨:

– The upper (lower) bounds or supremum(infimum) of 𝑩 may in or not in 𝑩.

– The upper (lower) bounds of 𝑩 may not exist, and may be not unique.

– The supremum (infimum) of 𝑩 may not exist, but it must be unique if exists.

Bound
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𝐴 = {2,3,4,6,9,12,18}
𝑅 = {⟨𝑥, 𝑦⟩|𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥|𝑦}
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2 3

6
4

12 18

9

𝐴 = {2,3,4,6,9,12,18}
𝑅 = {⟨𝑥, 𝑦⟩|𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥|𝑦}

Comparable
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2 3

6
4
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9

𝐴 = {2,3,4,6,9,12,18}
𝑅 = {⟨𝑥, 𝑦⟩|𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥|𝑦}

Comparable
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6
4
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9

𝐴 = {2,3,4,6,9,12,18}
𝑅 = {⟨𝑥, 𝑦⟩|𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥|𝑦}

Not Comparable
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2 3

6
4

12 18

9

𝐴 = {2,3,4,6,9,12,18}
𝑅 = {⟨𝑥, 𝑦⟩|𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥|𝑦}

Not Comparable
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• For a poset ⟨𝑨, ≤⟩:

– For any 𝒙 ∈ 𝑨 and 𝒚 ∈ 𝑨, if 𝒙 ≤ 𝒚 or 𝒚 ≤ 𝒙 , then we call 𝒙 and 𝒚 are 

comparable.

– If for any 𝒙 ∈ 𝑨 and 𝒚 ∈ 𝑨, we have 𝑥 and 𝑦 are comparable, then we 

called ≤ is a total order relation on 𝑨, ⟨𝑨, ≤⟩ is a total order set.

• ⟨ℕ,≤⟩ is a total order set

• For a non-empty set 𝑨, ⟨𝓟(𝑨), ⊆⟩ is not a total order set. 

Total Order Relation( )
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• For a poset ⟨𝑨, ≤⟩, 𝑩 ⊆ 𝑨:

– For any 𝒙 ∈ 𝑩 and 𝒚 ∈ 𝑩, if 𝒙 and 𝒚 are comparable, we call 𝑩 is a 

chain on 𝑨, |𝑩| is the length of this chain.

– For any 𝒙 ∈ 𝑩 and 𝒚 ∈ 𝑩, if 𝒙 and 𝒚 are not comparable, we call 𝑩 is 

an anti-chain on 𝑨, |𝑩| is the length of this anti-chain.

Chain( ) and Anti-chain( )
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9

𝐴 = {2,3,4,6,9,12,18}
𝑅 = {⟨𝑥, 𝑦⟩|𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥|𝑦}

A chain length 3
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2 3

64

12
18

9

𝐴 = {2,3,4,6,9,12,18}
𝑅 = {⟨𝑥, 𝑦⟩|𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥|𝑦}

An anti-chain 
length 3
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• For a poset ⟨𝑨, ≤⟩, we can decompose 𝑨 into non-disjoint anti-chain.

Decompose Poset
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𝐴 = {2,3,4,6,9,12,18}
𝑅 = {⟨𝑥, 𝑦⟩|𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥|𝑦}
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• For a poset ⟨𝑨, ≤⟩, we can decompose 𝑨 into non-disjoint anti-chain.

For a poset ⟨𝑨, ≤⟩, if the maximal length of a chain is 𝑛, then the 

decomposition of 𝑨 has at least 𝑛 anti-chains.

Decompose Poset

Proof:

Consider the longest chain which has length 𝑛, the 𝑛 elements of this chain 

must be in different anti-chains in the decomposition (as any of two are 

comparable, they can not in a same anti-chain). So there’s at least 𝑛 anti-

chains.
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Decompose Poset

For a poset ⟨𝑨, ≤⟩, if 𝐴 = 𝑚𝑛 + 1,then there exists an anti-chain of 

length 𝑚+ 1 , or a chain of length 𝑛 + 1.
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• For a poset ⟨𝑨, ≤⟩, if any non-empty subset of 𝑨 has the minimal 

elements, then we call ≤ is a well order relation, ⟨𝑨, ≤⟩ is a well 

order set.

• ⟨ℕ,≤⟩ is a well order set. ⟨ℤ,≤⟩ is not a well order set.

Well Order Relation( )
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Well Order Relation

A well order set is a total order set.

• For a well-order set ⟨𝑨, ≤⟩, ∀𝒙, 𝒚 ∈ 𝑨,the subset {𝑥, 𝑦} has a minimum 

element , so 𝑥 ≤ 𝑦 or 𝑦 ≤ 𝑥. 𝑨,≤ is a total order set.

A finite total order set is a well order set.
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Properties of Relations

Reflexivity (∀𝑥)(𝑥 ∈ 𝐴 → 𝑥𝑅𝑥)

Anti-reflexivity (∀𝑥)(𝑥 ∈ 𝐴 → 𝑥𝑅𝑥)

Symmetry (∀𝑥)(∀𝑦)((𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥𝑅𝑦) → 𝑦𝑅𝑥)

Anti-symmetry (∀𝑥)(∀𝑦)((𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑥𝑅𝑦 ∧ 𝑦𝑅𝑥) → 𝑥 = 𝑦)

Transitivity ∀𝑥 ∀𝑦 ∀𝑧
((𝑥 ∈ 𝐴 ∧ 𝑦 ∈ 𝐴 ∧ 𝑧 ∈ 𝐴 ∧ 𝑥𝑅𝑦 ∧ 𝑦𝑅𝑧) → 𝑥𝑅𝑧)

38



Some relation may not good enough 
to have those relations

But we can help them!
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Some relation may not good enough 
to have those relations

But we can help them!

Reflexivity
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Some relation may not good enough 
to have those relations

But we can help them!

Symmetry
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Some relation may not good enough 
to have those relations

But we can help them!

Transitivity

42



• For a relation 𝑹 on non-empty set 𝑨, if there are another relation 𝑅′

such that:

– 𝑹′ is reflexive

– 𝑹 ⊆ 𝑹′.

– For any reflexive relation 𝑅′′ on 𝑨, 𝑹 ⊆ 𝑹′′ → 𝑹′ ⊆ 𝑹′′. 

Reflexive Closure( )

R’ is generated based on R

R’ is the “smallest” relation 
to make R reflexive
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• For a relation 𝑹 on non-empty set 𝑨, if there are another relation 𝑅′

such that:

– 𝑹′ is reflexive

– 𝑹 ⊆ 𝑹′.

– For any reflexive relation 𝑅′′ on 𝑨, 𝑹 ⊆ 𝑹′′ → 𝑹′ ⊆ 𝑹′′. 

• We call that 𝑹′ is the reflexive closure of 𝑹, donated by 𝒓(𝑹)

Reflexive Closure( )
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• For a relation 𝑹 on non-empty set 𝑨, if there are another relation 𝑅′

such that:

– 𝑹′ is symmetric

– 𝑹 ⊆ 𝑹′.

– For any symmetric relation 𝑅′′ on 𝑨, 𝑹 ⊆ 𝑹′′ → 𝑹′ ⊆ 𝑹′′. 

• We call that 𝑹′ is the symmetric closure of 𝑹, donated by 𝒔(𝑹)

Symmetric Closure( )
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• For a relation 𝑹 on non-empty set 𝑨, if there are another relation 𝑅′

such that:

– 𝑹′ is transitive

– 𝑹 ⊆ 𝑹′.

– For any transitive relation 𝑅′′ on 𝑨, 𝑹 ⊆ 𝑹′′ → 𝑹′ ⊆ 𝑹′′. 

• We call that 𝑹′ is the transitive closure of 𝑹, donated by 𝒕(𝑹)

Transitive Closure( )
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• For a relation 𝑹 on non-empty set 𝑨

– 𝑹 is reflexive ⇔ 𝒓 𝑹 = 𝑹

– 𝑹 is symmetric ⇔ 𝒔 𝑹 = 𝑹

– 𝑹 is transitive ⇔ 𝒕 𝑹 = 𝑹

Closure
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For a relation 𝑹 on non-empty set 𝑨, 𝒓 𝑹 = 𝑹 ∪ 𝑹𝟎

• 𝑹 ∪ 𝑹𝟎 is reflexive as ∀𝒙 ∈ 𝑨, 𝒙, 𝒙 ∈ 𝑹𝟎

• Assume that 𝑹′′ is reflexive and 𝑹 ⊆ 𝑹′′.

– Because 𝑹′′ is reflexive, 𝑹𝟎 = 𝑰𝑨 ⊆ 𝑹′′

– 𝑹 ⊆ 𝑹′′ ∧ 𝑹𝟎 ⊆ 𝑹′′ ⇒ 𝑹 ∪ 𝑹𝟎 ⊆ 𝑹′′

Constructing Closure
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For a relation 𝑹 on non-empty set 𝑨, 𝒔(𝑹) = 𝑹 ∪ 𝑹−𝟏

• 𝑥, 𝑦 ∈ 𝑅 ∪ 𝑅−1 ⇔ 𝑥, 𝑦 ∈ 𝑅 ∨ 𝑥, 𝑦 ∈ 𝑅−1

⇒ 𝑦, 𝑥 ∈ 𝑅−1 ∨ 𝑦, 𝑥 ∈ 𝑅 ⇔ 𝑦, 𝑥 ∈ 𝑅 ∪ 𝑅−1

• Assume that 𝑹′′ is symmetric and 𝑹 ⊆ 𝑹′′.

Constructing Closure

𝑥, 𝑦 ∈ 𝑅 ∪ 𝑅−1
𝑥, 𝑦 ∈ 𝑅 ⇒ 𝑥, 𝑦 ∈ 𝑅′′

𝑥, 𝑦 ∈ 𝑅−1 ⇒ 𝑦, 𝑥 ∈ 𝑅
⇒ 𝑦, 𝑥 ∈ 𝑅′′ ⇒ 𝑥, 𝑦 ∈ 𝑅′′

⇒ 𝑥, 𝑦 ∈ 𝑅′′

So 𝑹 ∪ 𝑹−𝟏 ⊆ 𝑹′′
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For a relation 𝑹 on non-empty set 𝑨, 𝑨 = 𝑛,
𝒕 𝑹 = 𝑹 ∪ 𝑹𝟐⋯∪𝑹𝒏

Constructing Closure
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Let 𝑹 be a relation on a set 𝑨. There is a path of length 

𝒏(𝒏 ∈ ℕ+) from 𝒂 to 𝒃 if and only if ⟨𝒂, 𝒃⟩ ∈ 𝑹𝒏

Lemma

Proof:

By definition, there is a path from 𝒂 to 𝒃 of length 1 if and only if ⟨𝒂, 𝒃⟩ ∈ 𝑹, so 

the lemma is true when 𝑛 = 1.

Assume that the lemma is true when 𝑛 = 𝑘(𝑘 ∈ ℕ+). For 𝑛 = 𝑘 + 1

There is a path of length 𝑘 + 1 from 𝒂 to 𝒃
⇔ There exists 𝒄 such that there’s a path of length 1 from 𝒂 to 𝒄 and a path of 

length 𝑘 from 𝒄 to 𝒃

⇔ ∃𝒄 ⟨𝒂, 𝒄⟩ ∈ 𝑹 ∧ ⟨𝒄, 𝒃⟩ ∈ 𝑹𝒌 ⇔ ⟨𝒂, 𝒃⟩ ∈ 𝑹𝒌+𝟏

So the lemma is true when 𝑛 = 𝑘 + 1. Q.E.D
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Connectivity Relation( )

• Let 𝑹 be a relation on a set 𝑨. The connectivity relation 𝑹+

consists of the pairs ⟨𝒂, 𝒃⟩ such that there is a path of length at least 

one from 𝒂 to 𝒃 in 𝑹.

• By definition:

𝑹+ = 𝑹 ∪ 𝑹𝟐 ∪ 𝑹𝟑 ∪⋯

• But we only need to consider the path of length as most |𝑨|, assume 

that 𝑨 = 𝒏

𝑹+ = 𝑹 ∪ 𝑹𝟐 ∪ 𝑹𝟑 ∪⋯∪ 𝑹𝒏
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For a relation 𝑹 on non-empty set 𝑨, 𝑨 = 𝑛,
𝒕 𝑹 = 𝑹+ = 𝑹 ∪ 𝑹𝟐⋯∪ 𝑹𝒏

Constructing Closure

Proof:

• 𝑅 ⊆ 𝑅+ by definition.

• 𝑹+ is transitive: For 𝒙, 𝒚 ∈ 𝑹+ and 𝒚, 𝒛 ∈ 𝑹+, it means there are paths 

from 𝒙 to 𝒚 and 𝒚 to 𝒛 , so there’s a path from 𝒙 to 𝒛. Then 𝒙, 𝒛 ∈ 𝑹+.

• Assume 𝑹′′ is transitive and 𝑹 ⊆ 𝑹′′. 

– For any 𝒙, 𝒚 ∈ 𝑹+, it means that there’s a path of length 𝑘(𝑘 ∈ ℕ+)
from 𝒙 to 𝒚, 

– Let the path be 𝒙, 𝒑𝟏, . . 𝒑𝒌−𝟏, 𝒚, so 𝒙, 𝒑𝟏 , 𝒑𝟏, 𝒑𝟐 … 𝒑𝒌−𝟏, 𝒚 ∈ 𝑹. 

– Because 𝑹 ⊆ 𝑹′′,  𝒙, 𝒑𝟏 , 𝒑𝟏, 𝒑𝟐 … 𝒑𝒌−𝟏, 𝒚 ∈ 𝑹′′. 

– According to the transitivity of 𝑹′′, we have 𝒙, 𝒚 ∈ 𝑹′′.  

– So 𝑅+ ⊆ 𝑅′′.
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Exercise

• 𝑨 = 𝒂, 𝒃, 𝒄 , 𝑹 = { 𝒂, 𝒃 , 𝒃, 𝒄 , 𝒄, 𝒂 }, find 𝒓 𝑹 , 𝒔(𝑹) and 𝒕 𝑹 .
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Exercise

• 𝑨 = 𝒂, 𝒃, 𝒄 , 𝑹 = { 𝒂, 𝒃 , 𝒃, 𝒄 , 𝒄, 𝒂 }, find 𝒓 𝑹 , 𝒔(𝑹) and 𝒕 𝑹 .

• Answer:

– 𝒓 𝑹 = 𝑹 ∪ 𝑹𝟎 = { 𝒂, 𝒂 , 𝒂, 𝒃 , 𝒃, 𝒃 , 𝒃, 𝒄 , 𝒄, 𝒂 , 𝒄, 𝒄 }

– 𝒔 𝑹 = 𝑹 ∪ 𝑹−𝟏 = { 𝒂, 𝒃 , 𝒂, 𝒄 , 𝒃, 𝒂 , 𝒃, 𝒄 , 𝒄, 𝒂 , 𝒄, 𝒃 }

– 𝑹𝟐 = 𝒂, 𝒄 , 𝒃, 𝒂 , 𝒄, 𝒃 ,

– 𝑹𝟑 = { 𝒂, 𝒂 , 𝒃, 𝒃 , 𝒄, 𝒄 }

– So 𝒕 𝑹 = 𝑹 ∪ 𝑹𝟐 ∪ 𝑹𝟑 =

{ 𝒂, 𝒂 , 𝒂, 𝒃 , 𝒂, 𝒄 , 𝒃, 𝒂 , 𝒃, 𝒃 , 𝒃, 𝒄 , 𝒄, 𝒂 , 𝒄, 𝒃 , 𝒄, 𝒄 }
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Transitive Closure

• 𝑡 𝑅 = 𝑅 ∪ 𝑅2 ∪ 𝑅3 ∪⋯∪ 𝑅𝑛

It’s hard to compute all of those when R is large!
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Transitive Closure: Warshall Algorithm

• Warshall Algorithm is an efficient algorithm to calculate transitive 

closure

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:

if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨ Mi-1[i,k]

return Mn
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Transitive Closure: Warshall Algorithm

1 1 0 0

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn
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Transitive Closure: Warshall Algorithm

1 1 0 0

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=1,j=1
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Transitive Closure: Warshall Algorithm

1 1 0 0

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=1,j=1
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Transitive Closure: Warshall Algorithm

1∨1 1∨1 0∨0 0∨0

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=1,j=1
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Transitive Closure: Warshall Algorithm

1 1 0 0

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=1,j=1
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Transitive Closure: Warshall Algorithm

1 1 0 0

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=1,j=2
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Transitive Closure: Warshall Algorithm

1 1 0 0

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=1,j=3
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Transitive Closure: Warshall Algorithm

1 1 0 0

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=1,j=4
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Transitive Closure: Warshall Algorithm

1 1 0 0

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=2,j=1
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Transitive Closure: Warshall Algorithm

1∨0 1∨0 0∨0 0∨ 1

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=2,j=1
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Transitive Closure: Warshall Algorithm

1 1 0 1

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=2,j=1
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Transitive Closure: Warshall Algorithm

1 1 0 1

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=2,j=2
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Transitive Closure: Warshall Algorithm

1 1 0 1

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=2,j=3
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Transitive Closure: Warshall Algorithm

1 1 0 1

0 0 0 1

0 0 0 0

0 1 0 0

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=2,j=4
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Transitive Closure: Warshall Algorithm

1 1 0 1

0 0 0 1

0 0 0 0

0∨ 0 1∨0 0∨0 0∨1

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=2,j=4
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Transitive Closure: Warshall Algorithm

1 1 0 1

0 0 0 1

0 0 0 0

0 1 0 1

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=2,j=4
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Transitive Closure: Warshall Algorithm

1 1 0 1

0 0 0 1

0 0 0 0

0 1 0 1

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=4,j=1
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Transitive Closure: Warshall Algorithm

1 1 0 1

0 0 0 1

0 0 0 0

0 1 0 1

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=4,j=1
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Transitive Closure: Warshall Algorithm

1 1 0 1

0 0 0 1

0 0 0 0

0 1 0 1

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=4,j=1
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Transitive Closure: Warshall Algorithm

1 1 0 1

0 1 0 1

0 0 0 0

0 1 0 1

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=4,j=1
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Transitive Closure: Warshall Algorithm

1 1 0 1

0 1 0 1

0 0 0 0

0 1 0 1

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=4,j=4
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Transitive Closure: Warshall Algorithm

1 1 0 1

0 1 0 1

0 0 0 0

0 1 0 1

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=4,j=4
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Transitive Closure: Warshall Algorithm

1 1 0 1

0 1 0 1

0 0 0 0

0 1 0 1

Warshall_Algorithm(M[1…n,1…n]):
M0 ← M
for i ← 1 to n:
for j ← 1 to n:
if Mi-1[j,i]==1:
for k ← 1 to n:
Mi[j,k] = Mi-1[j,k]∨Mi-1[i,k]

return Mn

i=4,j=4
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Closures

• For a relation 𝑹 on a non-empty set 𝑨

– If 𝑹 is reflexive, then 𝒔(𝑹) and 𝒕(𝑹) are reflexive

– If 𝑹 is symmetric, then 𝒓(𝑹) and 𝒕(𝑹) are symmetric

– If 𝑹 is transitive, then 𝒓(𝑹) are transitive. 

s(R) may not be transitive!!
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Closures

• For a relation 𝑹 on non-empty set 𝑨, 𝑟𝑠(𝑅) means 𝑟(𝑠(𝑅)), the 

similar definition for other closure symbols, so we have:

– 𝑟𝑠(𝑅) = 𝑠𝑟(𝑅)

– 𝑟𝑡(𝑅) = 𝑡𝑟(𝑅)

– 𝑠𝑡 𝑅 ⊆ 𝑡𝑠(𝑅)

r is commutative with t and s

s and t are not commutative
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Binary Relation: Recap

• Binary Relation Basics

• Equivalence Relation and Partitions

– Reflexivity, Symmetry and Transitivity.

• Compatible Relation and Covers

– Reflexivity and Symmetry

• Partial Order Relation

– Reflexivity, Anti-symmetry and Transitivity

• Closure
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Next

• Function

• Introduce to Automata and DFA

• Turing Machine Basics.
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